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We establish an explicit formula for the number of Latin squares of order n: 
Lnzn! 2 (-,)~O(~) ““,‘A ,
/1ER. c ) 
where B, is the set of n x n (0, 1) matrices, o,(A) is the number of zero elements of the matrix 
A and per A is the permanent of the matrix A. 
A Latin square of order n is an n x n matrix, each row and column of which is 
a permutation of the set of letters 1, = (1, 2, . . . , n}. A k x II Latin rectangle 
(k < n) is a k x n matrix on the set Z,, whose rows are permutations of the letters 
{ 1,2, . . . , n} and whose columns do not contain any repeated letter. Let L, (and 
Lk,J be the number of the Latin squares of order n (and the number of k x II 
Latin rectangles, respectively). It is known that the quantity L, grows very 
quickly with n, the values of L,/n! (n - l)! for YE = 2, 3, 4, 5, 6, 7 and a lower 
bound for the number L, can be found in [l]. 
In this note we use the classical inclusion - exclusion principle to establish an 
explicit formula for the quantity L,. This formula involves the permanent 
function of a matrix, which is defined below. 
0012-365X/92/$05.00 0 1992 - Elsevier Science Publishers B.V. All rights reserved 
294 .I. Shao, W. Wei 
Definition 1. Let m =S n be integers and S,(m) the set of all m-permutations of 
the elements in the set Z,, = (1, 2, . . . , n}. 
For any m x n real matrix A = (aij), define the permanent per A of the matrix 
A to be 
perA= c alij kLi* ’ . . amim. (1) 
(iI....,i”JEs”(m) 
For the special case m = II, we have 
perA= c Uli, %?i2 . . . Gin. 
(il,...,i,)tS.(n) 
Definition 2. An n X n permutation matrix is a (0, 1) matrix of order n, each row 
and column of which contains exactly one nonzero element. 
Now we state and prove our main result. 
Theorem. Let B, be the set of n x n (0, 1) matrices, a,(A) be the number of zero 
elements of the matrix A, per A be the permanent of A, then we have 
L, =n! C (-l)ql(A) 
AEB, 
Proof. Let S, be the set of n x n permutation matrices. Let S be the set of all 
n-permutations of the elements in the set S,. Define the following n2 subsets of S: 
S;j = {(Pi, . . . ) P,)ES 1 (P~)ij=“‘=(Pn)ij=O} (lCi,jCn) (4) 
(where (A)ij denotes the (i, j)-entry of A). 
Let J,, be the n x n matrix with all elements 1. 
Every letter i E (1, 2, . . . , n} in a Latin square determines a permutation 
matrix Z’j, the nonzero positions of which correspond to the positions occupied by 
the letter i in the given Latin square. Therefore a Latin square of order n is 
equivalent to an ordered set of n distinct permutation matrices (PI, P2, . . . , P,) E 
S satisfying PI + * - . + P,, =J,. On the other hand, 
PI + * * - + P,, = J,, 
C3 (pl)ij, . . . ) (P,)ij are not all zero, for all 1 C i, j S n 
e (Pl, . . . > P,) E n &j 
l<i,jSn 
hence we have 
L,= n S,. 
I I l=Si,jSn 
(5) 
(6) 
For any X G Z, x Z, (X is a subset of positions of n x n matrices), let 
s, = n s,. 
(i,i)tX 
(7) 
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Then by the fundamental formula of the inclusion-exclusion principle, we have 
L, = c (-1)1X’ lS,l. (8) 
X&XI” 
We now need a formula for IS,l. Let A(X) be the (0,l) matrix of order IZ with 
O’s in the positions of X and l’s in the positions not in X, then 
(P,, . . . > Pn)E& 
~ (P,);j = ' . . = (Pn)jj = 0 for all (i, i) E X, 
G (P,, . . . , f’,) E S and Pr <A(X), . . . , P,, CA(X). (91 
Let Px = {P E S,, 1 P 6 A(X)} be the set of it x n permutation matrices 
contained in A(X), then 
lPxl = per A(X). (10) 
Now S, is just the set of n-permutations of the elements in Px, so 
IS,1 = n! (‘?I) = n! (per;‘“‘). (11) 
Combining (8) and (ll), and noting 1x1 = o,,(A(X)), we have 
L, = c (_ l)~@(x))~ ! cper 2”‘) (12) AW)E& 
replacing A(X) by A in (12) gives our formula (3). Cl 
Remark 1. Using a similar argument we can prove the following formula for Lk,n: 
L mn! C (_l)W) k,n - (k s n), (13) 
AEBkXO 
where &xn is the set of k x n (0, 1) matrices. 
Remark 2. In the proof of the theorem, if we revise the definition of the set S to 
be the set of permutations with repetitions of n (not necessarily distinct) elements 
in S,,, then we will have another formula for L,: 
L, = c (- l)““(A’(per A)” (14) 
AEB, 
and similarly 
L k,n = AEz,, (-lY”(A)(perAY’. (15) 
We also point out that the case k = 1 of the formula (15) gives the following 
well-known identity: 
n! = 2 (-l)“_’ (‘i’) i”. 
i=O 
(16) 
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Remark 3. If we define S to be the set of combinations with repetitions of IZ (not 
necessarily distinct) elements in S,, we will get 
L,=~! c 
AEB" 
and 
(17) 
The case of k = 1 in (18) also gives the following identity: 
1= i: (-l)“_k (“k) (” +,” - ‘) . 
k=O 
Finally we point out that although our result gives a simple and explicit formula 
for the number of Latin squares, this formula does not provide an efficient 
algorithm for computing the value of L,, since the number of terms in the 
formula is exponential on n. Thus a different type of formula which is efficient in 
practical computation is still desirable. 
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